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TASK OF PREDICTING THE ROTATIONAL MOTION OF AN UN-
SYMMETRICAL TWISTED ARTIFICIAL EARTH SATELLITE

V. §. Novoselov, L. K. Babadzhanyants and
L. I. Fedorova

Equations using osculating elements L, p, O, 6, ¢, ¥ in the
~general case of dynamically unsymmetrical bodies are discussed:
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The dérivation of these equations was given by F. L. Cherno-
us'ko (cf. [1]}. The meaning of the letters appearing in (1l)-
(6) is the same as in V. V. Beletskiy's book (cf. [2]). We will
not stop to discuss why these particular equations were selected;
the advantage of these equations for the case of fast-twisted
artificial Earth satellites is discussed in detail in Belitskiy's

book.
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Equations (1)~-(6) reflect the probably (in some sense) actual

rotation of the AES in proportion to the closeness to true momen-
ts Ml"M where M is the perturbing moment of all external

forces.
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In order to predict AES rotation, we must be able to solve
two equations. '

1. To find a sufficiently close to actual vector-function for
‘perturbing moments ﬂ(t) (time t can appear evidently or thanks to

L, p;, 0, 6, ¢ ,» ¥ , L ' 5 r G r é, ér &)-

2. To integrate the system (1)-(6) for a sufficiently large
time interval and sufficiently accurately.

The discussion is being conducted for the case of an AES
in circular orbits of an altitude on the order of 700 km.

2. Theoretical Formulas for Perturbing

Moments
We find that R
M= la|m
e (7)
) R ) T -all aw \
where ‘ (Mn Mo, Ms) = (M,,, My,M) Bfafe| « o ...

“31 vou T@ng

are a matrix of direction cosines. .

The system (x, y, z) is rigidly connected with the satellite.
Components aij are expressed by the Euler angles 8, ¥ and ¢ with
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the aid of formulas (1.1.5) from Beletskiy's book (cf. [1], p. 21).

As in study [3], let us write

e e R IPE WS

M= (M“+M“+M')+M Mt L., (8)

Lo —_ am

B L S

M= g (M’"+M“+M D+ My +M“+L,. - (9)

2 g R FOTUEEL T



M= i (M4 M MY+ M+ M+ L, |
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Perturbing moments from permanent-magnet iron:
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Perturbing moments from soft-magnet iron:
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Moments from eddy currents:
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Perturbing moments from uncompensated kinetic momentum:
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Gravitaticnal perturbing momentsz
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Aerodynamic perturbing moments.
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Projections of geomagnetic field intensity into connected axes
are defined in the form
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For a circular satellite orbit of about 700 km altitude, we
can assume :in cersteds that

H, 1—h0630<

R+hc) sinzsmmot . (32)

- _Hyl-:(),?:l’{i ( Rs 5)3_sinicos 9.01.‘.' _ ! (33)

. ; . {34)



" Projections of angular velocity of satellite rotation will

be written thus:
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The derivation of formulas (7)-(37) is given in study [3]. The

gdme notations are used.

Expressions for aij through L, p, o, ¢, ¥, 8, t are easily
derived by using formulas (1.1.3) and (1.1.4) from Beletskiy's
book ([1l], pp. 20-22). We €ind that
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As was already noted in section 1, the problem of predicting
consists of I and II problems, whose solution reguires the spe-
cification of the value of initial data L(0), ..., ¥{0), and also

T T T
1 k2, k3, kx’ ky, kz, Dx’ Dy, DZ (or several of

them) which are known in coarse approximation. Thereafter, the

the parameters k

problem is solved by numerical integration of the aforementioned

equations with fixed initial conditions and known right sides.

Therefore, we can finally assert that two problems must be
solved.

A. Specification of the parameters and initial values.

B. Numerical integration in a given time interval.

But to solve problem A, we need a reiterated solution of
problem B in which we alsc uncover the theoretical complexity.
The fact of the matter is that in the case of a fast-twisted AES,
in equation& (1)-(6) the variables ¢ and } are rapidly varying
functions of time t. Thus the step-by-step numerical integration /107
"of (1)})-(6) (due to the small spacing on the order of 0.2-2.5 s)

in an extended interval requires a great deal of computer time.
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This work will study two appraoches to the problem of pre-
dicting orbital motion of a twisted nonsymmetrical AES: predic-
' tion in a short time interval by precise (ﬁon—averaged) equations
and prediction in a long time interval by averaging with respect
to ¢ and V.

3. Mathematical algorithm of integrating equations
of orbital motion of a nonsymmetrical sate~
llite in a short time interval

1°, 1In the right sides of equations (l)-(6) appear the mo-
ments My, M,, M;. These moments are written in clear form with
the aid of formulas (7)-(64), while formulas (35)-(37) contain
derivatives of the unknown functions. All (known to us) numeri-
cal methods of solving systems of differential equations of the
first order have been developed for the case of the right sides

in which derivatives of unknown functions do not appear.

It goes without saying that we can easily apply differential
methods, especially extrapolatory, to these systems employing an
interative method of defining the derivatives at each step. We,
however, will not employ these methods both because of the enor-
mous complexity involved in compiling the tables and because the
substance of the problem under investigation requires freguent
variation of the spacing of integration during the programn.

The Runge-Haine-Kutta method is free of these shortcomings,
but its application to derivative-unsclved systems causes many
problems. These problems consisty.of the fact that at each step
we will have to four-fold apply the iteration method. Of course,
in virtue of the linearity of Ml' M,y M3with respect to all de-
rivatives, we can resolve system (l)-(6) with respect to the lat-

ter. This path, however, is also unsuitable for us for the fol-



reasons.

Given that to calculate each right side of system (1)-(6)
we must have p operations. In resovling this system relative to
the derivatives, we will find a new system whose right sides con-
_tain ‘determinants of the 6th order. To calculate each element
of this determinant will require, on the average, p/6 operations;
the total to calculate (precisely) the determinantion an average
(6')» p/6 = 120 p operations. We can naturally calculate the
determinant roughly, but as we can easily see, this is virtually
the same as using the iteration method mentioned above. Thus,
since Wyer y z
which the equations are resolved, this problem becomes much more

complicated.

2°, :Below is stated a method which allows us to avoid the

problems mentioned above.

a) The values Lgs 50, 50, éO' éO' ﬁo at the initial point
are derived from system (l)-(6) by the iteration method; for the
initial approximations of these guantities we take quantities
equal to the right sides, if in the latter instead of the deri-~

vatives are substituted the values

w - P():O,_ éﬂto,
o= Ly sin b, sin o, cos %o (TI__ Tf_> ,
. 5 x ¥ .
1 [ -
o=Locosh (L1 o ]
7 0C08 U, { ;, 7, sin cpo-—-]—y COSECPD);

N I . 1 .
LI_),O_‘I'“ (? Sm?l‘?oﬁ‘ 7T, cos? ‘Po) .

b) We will now replace, on the right sides of equations (1}

to (6) p and 0 by p, and g, and §, ¢, ¢ by
0 0 v

w, and w_ are functions of derivatives with respect to /108
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Let us apply to the derived system one step of the Runge-
-Haine~Kutta method. Given that this step will be h (its selec-

tion is discussed below).

c¢) The next step of the Runge-Haine~Kutta method is applied
to the system which is derived just as in b), but instead of the
guantities 5d and'éo, we should use 51 and 61 (51 and &i are
values of 5 and G at point t1 =‘t0 + h,c%hich have already been

calcualted according to b)).

Now about the selection of the step h. Given a fixed step
hO' Let us solve a system with this spacing @& in b). Then we
will solve it with h0/2 two steps according to b) and ¢) and again
from the initial point. If the agreement is good, we take h = ho;

otherwise, we replace h0 by h0/2 and repeat this procedure.

Qur program (to reduce computer time) was composed so the
selection of spacing is only done every 50 spaces. Thus, the pro-
gram operates, so to speak, with a piecewise-continuous spacing /109

with a "piece length"” of 50 spaces.

Let us mention that our method of selecting the spacing vir-
tually ensures not only sufficient accuracy of the Runge-Haine-
-Kutta method, but also the legitimacy of the aforementioned

variations in the initial system (1)-(6).

¢



Note: Apparently,. this type of methodology can be applied
to any unscolved system of differential eguations of the first or-
der. Its application in this case is justified by the fact that
functions L, p, ¢  vary slowly versus ¢ and V¥ for a rapidly twi-
sted satellite.

As calculations for model problems have shown, the spacing
of integration, generally speaking, increases with the passage
of time. This bespeaks the fact that the deciding factor in se-
lecting spacing is the behavior of ¢ and ¢ (the satellite becomes
less twisted and the spacing increases; ¢ and ¢ will no longer
be so slowly changing functions). According to the proposed pro-
gram, of course, we can predict further rotation of this satel-
lite--no longer rapidly twisted. But with too small L, the afore-
noted change in system (1)-(6) may already bring about significant
errors; thus the ?rog@am should not be applied in the case of a
slightly twisted satellite--in that case we should use the Euler
equations.

4. Averaging Equations of a Nonsymmetrical
Satellite

- By analogy to how' the equations: for symmetrical satéllites
are written in Beletskiv's work f2], let us give the notation of
the corresponding equations for ajnonsymmetrical AES. We will
write them with the "aerodynamic" variables 6, A, since with these
‘variables it is convenient to integrate and the equations them-.
selves are more compact to write.

§
In writing these egquations, we will take into account all
factors which affect the secular evolution of rotary motion (ex-

cept moments of the forces of light pressure).
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The equations can be written in the same form as for the

case of a symmetrical satellite, namely:

A=dghg A, s
=640, 40,464 0an,
i= (M2 cos h— M“"Slﬂl)sme-I—M“"COSB—pa

dcos{} —-f“ +fu, - (65)
M;! ¥, S‘ﬁM;. y,2+M§::y, 2y
P,=const, -
where X_, 5; are aerodynamic terms, Ay, O4--gravitational and /
part of the aerodynamics,_l',g‘ --terms governed by orbital evo-
lution, A_, 8 --magnetic terms, M@a ., fda--terms of aerodynamic
n ndn : d Xr Yr 2

dissipation, M £ n—-*terms.governed by eddy currents. The

Xr ¥Yr 2,
eguations are written for the case of a circular orbit.

Let us discuss the part of aerodynamic and gravitational
terms. The general theory of rotary satellite motion caused by
perturbations which have a force function is applicable to the

case of gravitational and part of the aerodynamic.

ILet us note that in a circular orbit, we must take into

account only the term with
L _
L sin®v
p S Pa (I +cos v)2
0

fy== dv,

L]

since the other quantities Ii yield zeroes. Thus, let us write
2 . L
Lydrly=—N (1 — % sin? -:}) cos 0sin? 3,

T ' 3 .. § . .
by+40,=—N (1 — & sin® 1}) sinOsink cos A,

wﬂere it is posited that

11



N=g-22 {x%l 2/+3Gﬁl~_j)£

i 1y K—E® pat il
Xl*'”—" 1) e [} -t
B 1) QT —1LY
DT )T
LB

ﬂ

(66)

Let us write the terms governed by orbital evolution (circular
orbit). They will appear as:

WN=—8 (sini+cosi ctg Usin A),
0’ —.Ecosuosl en

Here the derivative of longitude of the ascending node is equal
to

R p— -

("‘.___i 72R?'m .
U=— 5 (Ra-f-dh;B cosi,
I,=(1082,65 +:0,02) 10~, (68)

—

In order to perform averaging with respect to ¢ and ¥ in magnetic
perturbing moments in a circular orbit,.we shol1ld make one sup- /111
position: inherent magnetic moment of the satellite and the mag-

netic moment induced in the soft iron of the satellite are direc-

ted along axis c¢z. If this condition is not fulfilled, we should

use non-averaged controls. If this condition is fulfilled, the

magnetic terms will appear thus:

Iy

*E it 3 .
M =~ Jcos\}(f ) 7 Lk, (1__5 sin? a)x

(69)
XI5z 1) oot U5~ 1) o+f—-(aaa+emam
b 9?;!‘;31. [CUS%U o+ + 5 Hr ~55 R (1 %sin2 %})x

12 . >§!¥(f§5—1;‘;.)7 am+ (]y_y.-m].-s.;) BB}.—I-". e (oBa+Ban)]l..




where it has been designated that

, a=cosfcositsinlsinksini,
B=costsini—sinbsinicosi,
ay=—cos.i-+ctglsindsin i, ‘
Be=—sini—ctgbsini cosi,

ay=cos Asini, fr=—coskcosi, [;= ——g— sini cos i,
. 3 3 iy 2 4.
f7=0, I;=1 — o sin®i =1 — = §in t—]—Tsm“;, (70)
9 ., ) 3 . . . 9 . ..
.= ?sm% J;§=-,—?51_ntcosz (I—Tsm%) ,
A . 135 R 3
e 2 2 25 . - ; 3 )
fzz = ~g-sinicos’ e 0,315(———R3+h) ,
f by :
2 R -k“ = —i‘i .

The greatest problem is in writing the terms governed by
eddy currents, because we can not write averaged equations simi-
lar to (1.4), (1.5) [2]. But to take into account this factor,
we can use equations (9.22). We also assume that the eddy cur-~-
rents lead to the formation of an additional magnetic moment,
directed along axis cz. The terms governed by ‘eddy’ currents can

be written thus:

__ ! ¥ 5
2 "—m(%'CDSFﬂLMﬁ“Sm)’ (71)

- - I .
far . T [(Miu CcOos )\—MJ;{H sin )\) cos D_Miﬂ sin UL

s e e
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where it is posited that

M‘;“=cosiM;+sin_i‘M;,,
M;“ﬁ_—siniM;f{—cos i M,

_M§E=MF; _ ~
T ' (72)
L My=—a (1) BT,
Mg=-—an [(Izz+15) —1EE]
Mz=—at[lz-+15]4,
el R A6 R (73)
:a =7 0,315 (W> » ly=cosil,—sinil,,
L L; =sinil +cosil, =1,
vt l,=L cosl,
1 ' . {,=—Lsin®sini,
§ [,=Lsinbcosh
v
Furthermore we will f£ind that
- f=Kycosdsin?, } (74)

The term of aerodynamic dissipation, by analogy with (74),
will be written thus:

ok, cog 9 sin? d. l 7

Thus, system (l)-(6) is written with an allowance for all fac-

tors. The system was solved numerically by the Runge-Kutta method

on an M-20 computer (the model problem). The results of inte-
'gration are as follows: in 50 orbits of the satellite L and cos
8 wvaried roughly by 2%, and A and 0 negligibly.




5. Methods for Defining Unknown Parameters
in terms of the Results of Flight Tests

1°. Let us first formulate the problem. In equations (1)-
%r D%.r klr k2, k3

are known rather coarsely. We must specify them, if the values of
the functions L(t), p(t), o(t), B(t) at points ti, t2, ..., by

are known from telemetry. Let us designate the values of these.

(6), the initial values and parameters Dg, D

functions at point tj by xij(i =1, 2, 3, 4). The values of these

same functions and the corresponding values to specific initial

values and parameters will be designated by X4 - Let us consider
;L(EL)

i i it3 . . 8 )
that dispersions of random guantities Tedy ¢ p(tj), U(t]). (tj)
whose average values (as was shown above) are known from tele-
metry, are identical. We will use the method of least squares.

For the convenience of writing, let us somewhat alter the /113

notations. Namely

. L) L @
' x;_ = = } ' xi}‘ == -NL
Lty Lif)
Let us compose the functional
i a o 4 N .
D (bl’ .y b12)= ‘_E_' ;1 (x,-j—xu)z, bi =D£, . :.,_
b1, ..., b12 we derive from the condition of local min ¢. This

minimum will be derived by one of the gradient methods, namely
the method of most rapid descent. The algorithm of the method
is as follows.

L.et us select the initial approximation (data are coarse

values) _
@, ..., h)=p. . _
15



l;‘gz, ..is calculated until gn and gn+l

with the required accuracy will coincide: gn+l will be the desired

o >
The sequerice of vectors b
vector.

The sequence is calculated thus:

b gaao@, |

where the constant A is such that the functional ¢ (gn - pgrad@(gn))
attains its local min at u = A. The method described above has
been realized in a program for the case of averaged equations.

r

y

2°. Moreover, the specification of the parameters (kx' k
k , k k3) was done by yet another method. Its esBenge is

2t K1r Kyo
asifollows. Given from telemetry that we know L, o, &, 6, ¢, ¥
for moments of time t,, ceoep tn‘ We use formulas (1)-(6) to de-
’fihe  the perturbing moments M,, M, and M,. The derivatives of L,
Py vaesd are derived with the aid of formulas of numerical dif-

ferentiation. !

Refinement of the desired parameters in terms ‘of obtained
values of Ml, Mo, and M3 was done by the method of least squares.

16



REFERENCES
1. Beletskiy, V. V., Dvizheniye iskusstvennogo. sputnika okolo
tsentra mass [Motion of an artificial satellite about
the center of mass], "Nauka" Publishers, Moscow, 1965.

2. Chernous'ko, F.L., PMM 28, 1 (1963).

3. Novoselov, V.S., Agishev, G.G., Malkov, A.A., in: Problemx

mechanics and astrodynamics], Moscow, 1970.

17



